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Abstract--Symmetry p inciples are applied to condensed matter physics, with emphasis on point im- 
perfections in crystalline solids, including both lattice defects and impurities. The theory of finite groups 
is reviewed, and the relation between group theory and quantum echanics is established. The classi- 
fication of electronic and vibronic states of point imperfections bythe irreducible representations f 
crystallographic point groups is discussed. An example of spontaneously broken symmetry isprovided 
by the Jahn-Teller effect. 
1. INTRODUCTION 
Symmetry principles pervade every branch of physics, and lend a methodological unity to the 
characterization of seemingly diverse phenomena. Group theory provides a common mathe- 
matical description. For example, the concept of spontaneous symmetry breaking, which un- 
derlies contemporary approaches to grand unification and supergravity theories in high energy 
physics and cosmology, was borrowed from condensed matter physics, where it finds particular 
application in the theories of ferromagnetism, superconductivity and phase transitions[l]. 
In this article, we shall explore the application of group theory to the classification of 
quantum states in condensed-matter physics, with emphasis on a particular sub-field: that of 
point imperfections in crystalline solids. Some of the relevant symmetries of these point im- 
perfections are described by finite crystallographic point groups, rather than the Lie groups 
appropriate to isotropic systems and elementary particles. This topic provides a particularly 
simple and transparent example of the relation between group theory and quantum mechanics, 
as well as an example of spontaneously broken symmetry in the Jahn-Teller effect[2]. 
We begin with a discussion of the properties of crystallographic point groups, followed 
by a description of some of the point imperfections which occur in crystalline solids and of the 
experimental techniques available for their characterization. We next consider the role of sym- 
metry in the quantum-mechanical description of point imperfections, and conclude with a 
discussion of the Jahn-Teller effect. 
2. CRYSTALLOGRAPHIC POINT GROUPS 
It is evident that mathematics provides a rich and versatile language for expression of the 
quantitative aspects of physics. We shall endeavor to demonstrate hat qualitative aspects, such 
as symmetry, can find similar expression. In an effort to make this presentation atleast minimally 
self-contained, we offer a concise summary of the rudiments of the theory of finite groups 
before proceeding to applications[3]. 
Afinite group of order g is a set of g distinct elements, together with a law of composition 
(multiplication), such that: the set is closed under multiplication; it contains an identity element; 
every element has an inverse in the set; and multiplication is associative. In general, multipli- 
cation does not commute. If it does for all elements, the group is abelian. A finite group is 
defined by specification of its multiplication table. All of the elements can be expressed as 
products of a subset of elements called group generators. A subset of elements which obeys 
group axioms with the same law of composition is a subgroup. Group elements can also be 
organized in conjugate classes; elements a and b are mutually conjugate if the group contains 
another element u such that b = uau-~. An invariant subgroup contains elements in complete 
classes. If every element of a group can be expressed as the product of elements of two invariant 
subgroups, then the group is the direct product of these subgroups. A many-to-one correspon- 
dence of the elements of two groups which preserves algebraic structure is a homomorphism; 
similarly, a one-to-one correspondence is an isomorphism. 
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Table 1. Multiplication table for point group C~,. 
E C3 C~ ~ro crb O" c 
C~ C~ E ~, ~ ~b 
C] E C3 ~b ~, ~,, 
~a ~b ~, E C] C~ 
~b ~c ~o C~ E C~ 
~, ~o ~b C3 C~ E 
Among the various entities which can serve as group elements are those symmetry oper- 
ations (rotations, reflections and translations) which leave a symmetrical object invariant in 
appearance. In the case of symmetry groups, the conjugate classes are subject o geometrical 
interpretation; e.g. rotations through the same angle about two different axes are conjugate 
elements if the group contains a symmetry operation which takes one axis into the other. 
An ideal crystal is an infinite regular repetition of identical structural units in three- 
dimensional space. Each structural unit is associated with a lattice point, and the collection of 
such points is a crystal lattice. The set of translation elements which leave a crystal lattice 
invariant is a translation group. Translational symmetry imposes severe constraints on those 
point symmetry elements (rotations and reflections) which can leave a crystal structure invariant. 
In fact, only thirty-two different finite groups of point symmetry elements are compatible with 
the translational symmetry of a crystal lattice. These crystallographic point groups in turn impose 
restrictions on the possible translational symmetry, and on that basis they can be classified in 
seven symmetry systems and can be associated in various ways with the translation groups of 
fourteen Bravais lattices to form 230 distinct space groups. Although space groups have an 
infinite number of discrete elements, in practice they are converted to finite groups by the 
imposition of periodic boundary conditions. Their associated point symmetry is often manifest 
in crystal morphology. 
As an example of a crystallographic point group, consider the group of symmetry operations 
which leave an equilateral triangle invariant without turning it over. This group, called C3v, 
has six elements: an identity element E, rotations C3 through 120 degrees and C 2 through 240 
degrees about an axis perpendicular tothe surface, and reflections or,, crb and cr,. in three vertical 
mirror planes; i.e. planes containing the three-fold rotation axis. The multiplication table for 
C3v is shown in Table 1. The elements C3 and cr~ can serve as group generators. 
3. GROUP THEORY AND QUANTUM MECHANICS 
The advent of quantum mechanics in the mid 1920s revolutionized the description of 
physical phenomena on an atomic scale[4]. The relevance of group theory to quantum echanics, 
especially the theory of representations i  relation to atomic structure, was recognized almost 
immediately[5], and the application to solid-state physics soon followed[6,7]. 
A matrix group is a set of square, non-singular matrices which satisfy group axioms with 
matrix multiplication as the law of composition. A matrix group which is a homomorphic mage 
of a given group is said to be a matrix representation f that group. Every matrix group is 
equivalent (under a similarity transformation) to a group of unitary matrices; we will henceforth 
assume unitary representations. A matrix representation is said to be reducible when all of the 
matrices can be partitioned into a direct sum in the same way by the same unitary transformation; 
otherwise it is irreducible. The useful properties of irreducible representations follow from 
Schur's lemma[8] which states that only a constant matrix can commute with all of the matrices 
of an irreducible representation. The number of inequivalent irreducible representations of a 
finite group is equal to the number of its classes, and the sum of squares of their dimensions 
is equal to its order. Each element of an abelian group is necessarily in a class by itself, with 
the consequence that all of its irreducible representations are one-dimensional. The traces of 
the matrices are the same for all elements in a class. The set of traces for a given representation 
is called the character of the representation, and the set of characters of the irreducible repre- 
sentations of a given group is called the character table of that group. 
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Table 2. Irreducible representations of point group C3~. The symbol ¢ denotes a cube root of unity: ¢ = 
exp(i2"tr/3). 
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As an example, consider the point group C3,. of Table 1. The identity element E is always 
in a class by itself. The remaining classes are {C3, C~} and {cra, trb, trc}. Thus there are three 
inequivalent irreducible representations, with dimensions 1, 1 and 2. A set of irreducible 
representations is hown in Table 2. Note that the two-dimensional representation is not unique. 
The character table shown in Table 3 is unique, however, as a consequence of trace invariance. 
In order to establish the connection between symmetry and quantum mechanics, we must 
also consider the isomorphic mapping of a symmetry group on a group of transformations R of 
a set of variables r, and on a group of operators OR which transform functions 0(r) according 
to the recipe 
ORO(r) = O(R-Ir). (1) 
The quantum mechanical description of a physical system in a stationary state is accom- 
plished by solution of the Schroedinger quation[4], 
HO(k, i; r) = E(k)O(k, i; r), (2) 
where H is the Hamiltonian operator incorporating the kinetic energy and potential energy of 
interaction of the various particles which constitute the system, as well as their interactions 
with external forces. In general, H contains differential operators and Eq. (2) is a partial 
differential equation. The wavefunction 0(k, i; r) is a solution under specific boundary con- 
ditions; the index i distinguishes degenerate eigenfunctions corresponding to the same eigenvalue 
E(k). The function I~(k, i; 012 is interpreted as the probability density that the particles of the 
system have coordinates r, and the eigenvalues E(k) are the possible results of a measurement 
of the total energy of the system. Typically, the eigenvalue spectrum includes everal discrete 
values corresponding to bound states of the system plus a continuous range of values above a 
dissociation (or ionization) threshold. 
The group G of the Hamiltonian H is the set of symmetry operations OR which leave the 
Hamiltonian invariant, 
ORHOfi' = H. (3) 
It follows from Eqs. (2) and (3) that 0(k, i; r) and ORO(k, i; r) are degenerate eigenfunctions 
of H; accordingly, since the set of eigenfunctions can be shown to be complete, they are related 
by 
ORO(k, i; r) = ~ O(k, j; r )D(k,  R; j, i). (4) 
J 
It is readily demonstrated, by successive application of symmetry operations OR and Os, 
that the coefficients D(k; R; j, i) are elements of the matrices D(k; R) of a matrix representation 
C3,. 
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Table 3. Character table for point group C ,.. 
e {C3, C~} {~,,, ~,, ~,} 
1 1 1 
I 1 - I  
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of G. Application of Os to both sides of Eq. (4) yields 
OsORt~(k, i; r) = ~ t~(k, l; r) ~'~ D(k; S; l, j)D(k; R; j, i). 
j t 
(5) 
On the other hand, it follows from Eq. (1) that application of Os to the function ORO(k, i; r) 
gives, with the help of Eq. (4), 
OsOR~(k, i; r) = OR0(k, i; S- l r )  = 0(k, i; R-lS- l r )  
= OsRO(k, i; r) = ~ O(k, l; r)D(k; SR; l, i) 
I 
(6) 
Comparison of Eqs. (5) and (6) reveals that 
D(k; SR; l, i) = ~ O(k; S; l, j)O(k; R; j, i), 
J 
(7) 
which is just the rule for matrix multiplication. Since the algebraic structure of the group is 
also preserved in Eq. (7), the matrices D(k; R) are elements of a matrix representation. 
Typically, the representation is irreducible, and the degeneracy is said to be symmetry- 
induced; otherwise, it is called accidental. Thus, barring accidental degeneracy, the eigen- 
functions and eigenvalues of the Hamiltonian operator H can be labeled by the irreducible 
representations of the group G of the Hamiltonian. This result has profound consequences, since 
a wide variety of physical properties and processes, uch as selection rules for transitions between 
energy eigenstates, can be elucidated largely on the basis of symmetry arguments. 
It is often the case that the Hamiltonian H can be expressed as a sum of two terms H0 and 
H'  where Ho has a higher symmetry than H, and where H'  is a small perturbation. In particular, 
Ho may describe sub-systems, e.g. Hi and H2, which are invariant under independent trans- 
formations of their respective coordinates, and H' may describe an interaction of the sub- 
systems which is invariant only under simultaneous transformations of their coordinates. The 
group Go of the unperturbed Hamiltonian Ho is then the direct product of its invariant subgroups 
Gl and G2, Go = G~ × G2, and its irreducible representations are related to those of the 
subgroups by Do(k; RIR2) = D)(i; RO × D2(j; R2), where "×"  denotes a matrix direct 
product. The group G of the perturbed Hamiltonian is then the subgroup of Go with elements 
R = R1 = R2. The corresponding subset of matrices Dl(i; R) × D2(j; R) = D(i × j; R) is 
a subduced representation f G, called the Kronecker product representation, which is generally 
reducible; i.e. 
D(i × j; R) = ~ a(k) D(k; R), (8) 
k 
where a direct sum of matrices is intended on the right-hand side. The coefficients a(k), which 
are readily inferred from the character table, are non-negative integers indicating the number 
of times each irreducible representation appears. Reduction of the Kronecker product represen- 
tation reveals how the degenerate eigenvalues of Ho are split by the perturbation H' ,  including 
the symmetry designations of the split-off levels and their residual degeneracies. 
The Kronecker product representation is also useful when H'  is an external perturbation 
with symmetry lower than that of H0. In particular, H'  may transform as a basis for an irreducible 
representation ",/of Go, other than the identity representation. The perturbation H'  then splits 
a degenerate energy level of Ho labeled by irreducible representation F, provided that F is 
contained in the Kronecker product representation F × ~/. We shall return to this point in 
Sec. 6. 
4. POINT IMPERFECT IONS 
Point imperfections in insulating and semiconducting crystals include isolated impurities, 
structural defects of atomic dimensions and impurity-related defects. They may be introduced 
deliberately by doping the starting material prior to crystal growth, by additive coloration (e. g 
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heating the crystal in a metal vapor), by diffusion or by radiation damage; in any event, 
incorporation of structural defects is thermodynamically unavoidable during crystal growth. 
Even in minute concentrations, these point imperfections dominate the optical, magnetic and 
electrical properties of insulators and semiconductors. They are of enormous technological 
importance to devices such as solid-state lasers and semiconductor electronic ircuits, both in 
lending useful characteristics to the materials on which these devices depend and in limiting 
their performance. 
The incorporation of a point imperfection in a crystal entails a substantial reduction in 
symmetry. In particular, the translational symmetry is lost and the residual point symmetry may 
be reduced as well; thus the symmetry of the point imperfection is characterized by a subgroup 
of the original point group. 
Experimental techniques which have been developed for investigation ofpoint imperfections 
in solids include optical absorption and fluorescence, electron paramagnetic resonance 
(EPR), electron-nuclear double resonance (ENDOR), optically detected magnetic resonance 
(ODMR), two-photon absorption (TPA) and deep-level transient spectroscopy (DLTS). Meas- 
urements are made as functions of temperature and hydrostatic pressure, which tend to preserve 
symmetry, barring phase transitions; and as functions of uniaxial stress and external electric 
and magnetic fields, which do not. Analysis of symmetry as inferred from experimental spectra 
plays a major role in the identification and characterization f point imperfections. Computer 
modeling of imperfections also relies heavily on symmetry considerations. 
Only a few of the myriad known imperfections will be mentioned here as examples. 
Structural defects in insulators include vacant sites and interstitial ions. These defects acquire 
interesting optical and magnetic properties when they trap excess electrons or holes. (A hole 
is the absence of an electron where there should be one; it should not be confused with a 
vacancy, which is a missing ion.) The prototype of such defects, which are called color centers, 
is the F center in alkali halides. It consists of a single electron trapped at a negative halogen 
ion (anion) vacancy, and it introduces an optical absorption band in the otherwise transparent 
crystal, lending it a color which depends on its composition. It also contributes paramagnetic 
susceptibility oan otherwise diamagnetic crystal, a feature which has facilitated its very detailed 
characterization by EPR and ENDOR. Other color centers in alkali halides include the F2 or 
M center and the F 3 or  R center, which are aggregates of two and three F centers, respectively. 
The V,v center is a self-trapped hole which is shared between two adjacent anions, and is more 
properly described as a small polaron, since no ionic rearrangement is involved. A related center 
is the H center in which a hole is shared by two anions occupying a single anion site. It is 
evident hat these other color centers have lower symmetry than the F center. 
Transition metals such as chromium, rare-earth metals such as neodymium, and heavy 
metals such as thallium can be incorporated in ionic crystals as substitutional impurities on 
positive-ion (cation) sites. Because of their special places in the periodic table of elements, 
these impurities also introduce optical absorption bands and contribute paramagnetic suscepti- 
bility. Impurity-related defects are important, as well. For example, KC1 containing TI°(1) 
centers (substitutional thallium atoms adjacent to anion vacancies) is a useful laser material. 
Other defects and impurities are prominent in semiconductors. Substitutional phosphorous 
and aluminum in silicon contribute xcess conduction electrons and valence holes, respectively, 
essential to the operation of semiconductor devices. These are called shallow impurities, in 
contrast o deep-level impurities such as chromium. Examples of structural defects are the 
neutral vacancy in silicon and the antisite pair in gallium arsenide; the latter consists of a gallium 
atom on an arsenic site adjacent o an arsenic atom on a gallium site. 
5. APPLICATION OF GROUP THEORY TO POINT IMPERFECTIONS 
The electronic structure of a perfect crystal is described in terms of its space group rep- 
resentations, which are specified with reference to its reciprocal lattice[7,9]. The position vectors 
of direct-lattice points are expressible as linear combinations of fundamental translation vectors 
b(l), b(2) and b(3), with integral coefficients. The fundamental translation vectors of the 
reciprocal lattice, d(1), d(2) and d(3), are defined by the condition that b(i) • d(j)  equals 1 
for i = j and vanishes otherwise. The subgroup of pure translations i abelian, and its one- 
dimensional representations are labeled by a set of wave vectors which are consistent with the 
190 R.H. BARTRAM 
periodic boundary conditions, and which occupy the smallest volume of reciprocal space bounded 
by plane perpendicular bisectors of reciprocal lattice vectors, called the first Brillouin zone. 
The subset of point group operations which leave the wave vector invariant, modulo a reciprocal 
lattice vector, form a subgroup called the group of the wave vector. The irreducible represen- 
tations of this group, together with the wave vector itself, label the space group representations. 
It is convenient to display the energy eigenvalues of the Hamiltonian as quasi-continuous, multi- 
valued functions of the wave vector, called energy bands. The corresponding electronic wave- 
functions are called Bloch functions. 
Some semblance of the perfect crystal electronic bandstructure is retained in the electronic 
structure of shallow impurities in semiconductors, in that their wavefunctions are well approx- 
imated by a superposition of Bloch functions belonging to a single band. The sum over wave 
vectors is a reflection of the loss of translational symmetry. Many bands would be required in 
order to approximate he wavefunctions of more compact states; instead, the description of the 
electronic structure of impurity ions and color centers in insulators proceeds from a different 
starting point, as elaborated below. 
At a certain level of approximation, the Hamiltonian for an isolated atom or ion at rest 
can be expressed as a sum of operators as follows: 
H = T + V + H(el) + H(so), (9) 
where T is the electronic kinetic energy operator; V is an effective central potential energy 
function including the interaction of each electron with the positive nucleus and the spherically 
averaged charge distribution of the remaining electrons; H(el) is the residual mutual electrostatic 
interaction of the electrons; and H(so) is a term of relativistic origin which couples the orbital 
angular momentum of each electron with its intrinsic (spin) angular momentum. The last three 
interactions axe written in descending order of strength, but each successive interaction entails 
a reduction of symmetry. 
In the central-field approximation, H = T + V, the Hamiltonian is invariant under in- 
dependent rotations of the space coordinates of each electron. These rotations are elements of 
a continuous (Lie) group, the rotation group 0÷(3). They are generated by orbital angular 
momentum operators I, and the operator which effects a rotation through an angle 0 about an 
axis whose direction is specified by unit vector n is 
OR = exp( - /0n . l ) .  (lO) 
Irreducible representations of the rotation group are labeled by non-negative integers l, called 
orbital angular momentum quantum numbers. The rows of these 2l + 1-dimensional represen- 
tations are labeled by integers m~ which satisfy the inequalities - l  -< mt -< I. The Hamiltonian 
is also invariant under independent rotations of the spin coordinates of each electron. 
The spin angular momentum quantum number s, which has the value 1/2 for every electron, 
actually labels a faithful representation f the universal covering group SU(2), the unitary, 
unimodular group of transformations of two complex variables, whose elements have a two- 
to-one correspondence with the elements of O + (3). The rows of this representation, which may 
be regarded as a double-valued representation of the rotation group, are labeled by m~ = 
+ 1/2, - 1/2. Electronic configurations of the free ion in the central-field approximation are 
classified by the principal quantum numbers n(i) and the angular momentum quantum numbers 
l(i), and the degenerate eigenstates belonging to these electronic onfigurations are distinguished 
by the quantum numbers m~(i) and ms(i), where the index i distinguishes occupied one-electron 
wavefunctions ( pin-orbitals). The Hamiltonian is also invariant under inversion of the space 
coordinates, and thus the states must have even or odd parity. This property is not independent, 
but is determined by the sum of the l(i), which must also be even or odd. Finally, the Hamiltonian 
is invariant under independent permutations of both space and spin coordinates of the several 
electrons. The Pauli principle expresses an additional constraint on the acceptable solutions of 
the Schroedinger quation, however; only those wavefunctions which are totally antisymmetrical 
under simultaneous transpositions of the space and spin coordinates of any two electrons are 
physically meaningful. 
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When the mutual electrostatic interaction of the electrons is taken into account, there is a 
sharp reduction in symmetry. The Hamiltonian at this level of approximation, T + V + H(el), 
is no longer invariant under independent rotations of the space coordinates ofdifferent electrons, 
but it remains invariant under simultaneous rotations, generated by the total orbital angular 
momentum operator L = !(1) + !(2) + . . . .  Furthermore, the Pauli principle is only com- 
patible with simultaneous rotations of all of the spin coordinates. Thus the symmetry-induced 
degeneracy of the electronic onfigurations in the central-field approximation is partially re- 
moved, and they split into terms labeled by the angular momentum quantum numbers L and S 
(the multiplet structure). The quantum numbers n(i) and I(i) remain valid to the extent hat 
H(el) is a small perturbation on the centralfield Hamiltonian, but the quantum numbers m~(i) 
and ms(i) are superceded by ML and Ms, which distinguish degenerate states belonging to a 
single term. The parity of each term is the same as that of its parent configuration. Finally, 
when the still weaker spin-orbit interaction is taken into account, the Hamiltonian, H = T + 
V + H(el) + H(so), is invariant only under simultaneous rotations of all space and all spin 
coordinates, generated by the total angular momentum operator, J = L + S. The terms are 
further split into fine-structure l vels labeled by quantum numbers n(i), l(i), L, S and J, and 
the degenerate states within each fine-structure l vel are distinguished by Mj. Note that the 
quantum numbers S, Ms, J and Mj are integral or half-integral ccording to whether the number 
of electrons is even or odd. 
From another point of view, the unitary transformations of a set of degenerate one-electron 
wavefunctions in the central-field approximation, H = T + V, which transform as a basis for 
a 21 + I - dimensional irreducible representation f O+(3), are elements of a unitary, uni- 
modular group SU(21 + 1), of which 0+(3) is a subgroup. When the interaction H(el) is 
included in H, irreducible representations of SU(21 + 1) provide an additional classification 
scheme for different erms with the same values of L and S.[10] The higher SU(n) groups also 
play a central role in the physics of elementary particles[l]. 
When the atom or ion is incorporated asan impurity in a crystalline solid, then, in principle, 
the Hamiltonian must be enlarged to encompass all of the particles which compose the solid. 
A major simplification is achieved by exploiting the large mass ratio of ions and electrons. In 
the Born-Oppenheimer approximation[l 1], the electronic problem is first solved for fixed 
nuclear coordinates Q to yield energy eigenvalues, U,(Q), which depend implicitly on the 
nuclear coordinates. These so-called adiabatic potential energy functions, together with the 
nuclear kinetic energy operators TN, are subsequently used to determine the nuclear motions. 
In practice, the problem is rendered tractable by a phenomenoiogical representation f the solid 
environment. In the harmonic approximation, the Hamiltonian of Eq. (9) is augmented by 
H(int), representing the interaction of the impurity with the host crystal, and H(cr), including 
the kinetic energy of the host ions and their mutual adiabatic potential energy of interaction to 
terms quadratic in their displacements from equilibrium. (The model can be elaborated to 
accommodate ionic polarizabilities as well, but that refinement will be omitted here.) 
The classification of impurity eigenstates depends critically on the relative strengths of 
H(int) and the hierarchy of free-ion interactions V, H(el) and H(so). In the strong-field ap- 
proximation, H(int) >> H(el), the eigenstates of T + V + H(int) are labeled by n(i), I(i), 3"(i), 
m~(i) and ms(i), where rnv denotes a row of irreducible representation 3' of the crystallographic 
point group appropriate to the impurity site in its equilibrium lattice configuration; i.e., with 
the ions in their equilibrium positions. The degenerate strong-field electronic onfigurations 
labeled by n(i), l(i) and 3'(i) are split by H(el) into terms labeled by F and S, whose degenerate 
eigenstates are distinguished by Mr and Ms in place of mv(i) and mr(i). These terms are further 
split by H(so) into fine-structure l vels, labeled by F',  whose degenerate eigenstates are dis- 
tinguished by Mr' in place of Mr and Ms. For impurities with an odd number of electrons, F' 
denotes an irreducible representation f a double point group, which bears the same relation to 
the crystallographic point group as SU(2) bears to 0+(3); i.e. there is a two-to-one homo- 
morphism. 
Two additional approximations are of interest. The free-ion multiplet structure is retained 
in the medium-field approximation, H(el) -> H(int) -> H(so). The free-ion terms are split into 
crystal-field terms by H(int), and these are further split into fine-structure l vels by H(so), with 
symmetry designations (i), l(i), L, S, F and F',  whose degenerate eigenstates are distinguished 
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by Mr'. Finally, in the weak-field approximation, H(so) -> H(int), the free-ion fine-structure 
levels are retained as well. These levels are split into crystal-field fine-structure levels by H(int), 
with symmetry designations (i), l(i), L, S, J and F',  whose degenerate eigenstates are distin- 
guished by Mr'. 
The symmetry of a point imperfection i a solid can be reduced further by imposition of 
external electric or magnetic fields or by uniaxial stress. These interactions are ordinarily very 
much weaker than the spin-orbit interaction, H(so), and produce further splitting of the crystal- 
field fine-structure l vels. The most important of these interactions i that with an external 
magnetic field (the so-called Zeeman interaction), since transitions between Zeeman levels are 
exploited in the EPR, ODMR and ENDOR techniques mentioned in Section 4. The dependence 
of these transitions on the orientation of the magnetic field with respect o the crystal axes 
provides useful diagnostic information concerning the point symmetry of the imperfection. 
Interaction with the magnetic moments associated with nearby atomic nuclei produces a hyperfine 
splitting of Zeeman levels which yields even more, often decisive, information i EPR, ODMR 
and, especially, ENDOR experiments. 
Transition-metal impurities provide examples of both the strong-field and medium-field 
cases, corresponding tocovalent and ionic complexes, respectively. The interactions H(el) and 
H(int) are actually comparable in either case, and should be considered simultaneously within 
each free-ion electronic onfiguration i a more rigorous treatment[12]. Rare-earth impurities 
have greatly enhanced spin-orbit interactions H(so) by virtue of their positions in the periodic 
table of elements, and their interaction with the crystal field H(int) is diminished by the com- 
pactness of their relevant wavefunctions. Consequently, they provide relatively unambiguous 
examples of the weak-field case[13]. Heavy-metal impurities uch as thallium in alkali halides 
have even stronger spin-orbit interactions and diffuse wavefunctions a well. For them, H(el), 
H(int) and H(so) are all comparable, and must all be considered simultaneously within each 
free-ion electronic onfiguration. The only valid symmetry designations are then n(i), l(i), F' 
and Mr' [14]. Finally, electron-excess color centers provide an extreme xample of the strong- 
field case; for them, there is no central potential V distinguishable from H(int), and the quantum 
numbers l(i) are not appropriate, although they are retained in some F-center models which 
obscure the anisotropy of H(int) [ 15]. 
6. THE JAHN-TELLER EFFECT 
The physics of point imperfections in solids is greatly enriched by the additional degrees 
of freedom associated with ion displacements. Symmetry arguments can go a long way toward 
elucidating the effects of these displacements. The adiabatic potential energy functions Un(Q) 
may be expressed in terms of symmetry-adapted combinations of ion displacements Q(~, Ix; j) 
which transform as bases for rows Ix of irreducible representations ",/of the point group Go of 
the electronic Hamiltonian Ho in the perfect-lattice onfiguration. There is an adiabatic potential 
energy surface in the space of the symmetry-adapted ion displacements corresponding to each 
non-degenerate el ctronic state. Intersections of adiabatic potential energy surfaces in sym- 
metrical lattice configurations are a consequence of symmetry-induced degeneracy. 
The symmetrical static distortion around a point imperfection is the set of equilibrium 
displacements of ions from their perfect lattice positions; i.e. the displacements for which the 
adiabatic potential energy is minimum. When the nuclear kinetic energy operator T~ is included, 
a set of vibronic states is obtained for each non-degenerate el ctronic state, involving small 
vibrations of ions about heir equilibrium displacements. The dependence of the static distortion 
on electronic state has a number of interesting consequences for transitions between vibronic 
states uch as the Stokes hift in emission, the broadening ofabsorption and fluorescence spectra, 
and the occurrence of non-radiative transitions. 
More exotic effects can occur in degenerate electronic states. It was demonstrated by Jahn 
and Teller[2] that, for each multidimensional irreducible representation F of a crystallographic 
point group G there exists another i reducible representation, "y, such that he Kronecker product 
representation F x ~ contains F. The implication of this result is that, for each degenerate 
electronic state F in a symmetrical configuration of the lattice, there may exist an asymmetrical 
symmetry-adapted displacement Q('y, Ix; j) which removes the degeneracy. (See the discussion 
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of the Kronecker product representation in Section 3.) It can be demonstrated further that at 
least one of the split-off levels has lower energy for small displacements; the consequent 
asymmetric distortion is an example of spontaneously broken symmetry. Its magnitude is limited 
by the elastic potential energy which is quadratic in Q('y, ix; j) with a positive coefficient. The 
number of distortions which are equivalent under point symmetry operations, distinguished by 
the index ~, is equal to the dimension of irreducible representation ~/.This static Jahn-Teller 
effect is manifest in the reduced symmetry of optical and EPR spectra. The Jahn-Teller effect 
applies to molecules as well, and the orbitally degenerate ground states of linear molecules 
provide the only known exception. 
The effect of including the nuclear kinetic energy TN depends on the strength of coupling 
to asymmetric displacements Q(% t~;j). In the strong coupling limit, the vibronic states imply 
correspond to small vibrations of the ions about heir distorted equilibrium positions. However, 
the probability of tunneling between equivalent distortions is greatly enhanced in the weak- 
coupling limit, leading to the dynamic Jahn-Teller effect. In this limit, vibronic states labeled 
by irreducible representations of the group of the Hamiltonian in the symmetrical lattice con- 
figuration provide a more appropriate description. The dynamic Jahn-Teller effect may be 
viewed as a failure of the Born-Oppenheimer approximation for degenerate electronic states, 
since the vibronic wavefunctions are no longer separable into electronic and vibrational factors. 
Manifestations of the dynamic Jahn-Teller effect are much more subtle than for the static effect, 
since the ground vibronic state generally has the same symmetry as the ground electronic state. 
Thus the full symmetry of optical and EPR spectra is restored. There is a quantitative mani- 
festation, however, known as the Ham effect[16]. The efficacy of operators uch as the spin- 
orbit interaction may be substantially diminished in the ground vibronic state, in comparison 
with a purely electronic state of the same symmetry, as a consequence of the small overlap of 
vibrational wavefunctions. 
As an example, we consider the electronic structure of the F 3 or  R center in KCI[ 17,18]. 
The R center consists of three electrons trapped in three adjacent anion vacancies which form 
an equilateral triangle, as shown in Fig. 1. The point symmetry is C3,., the example considered 
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Fig. 1. Geometry of the R center in KCI. 
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Fig. 2. Symmetry-adapted distortions ofan equilateral triangle. 
in Section 2, above. At the level of approximation H --- T + H(int), the one-electron state of 
lowest energy (the ground state) is an a~ state, while the state of next lowest energy (the first 
excited state) is an e state. The Pauli principle permits at most two electrons to occupy a single, 
non-degenerate state, with spin projections m, = + 1/2 and - 1/2. Consequently, the ground 
configuration of the R center is a~e. Since Aa × A~ × E = E, the degeneracy of the 
ground configuration is not removed by H(el), and there is a single term of E symmetry with 
S= 1/2. 
The symmetry-adapted displacements which distort an equilateral triangle are illustrated 
in Fig. 2. The symmetrical dilatation, Q(at), preserves the C3v symmetry. The two distortions 
which transform as bases for the e representation, Q(e, 0) and Q(e, ~), are relevant o the 
Jahn-Teller effect. Of course, in the actual crystal, the surrounding ions are displaced rather 
than the vacancies, but the symmetry classification of the distortions remains valid. 
The case of an electronic state of E symmetry coupled to lattice modes of e symmetry (an 
E x e system) has been treated exhaustively by Longuet-Higgins, ()pik, Pryce and Sack 
(L-HOPS)[19]. The adiabatic potential energy surfaces are illustrated in Fig. 3(a), in an ap- 
proximation which retains only terms linear and quadratic in the displacements. In this ap- 
proximation, there is an equilibrium value of the radial displacement r = [Q(e, 0) 2 + 
Q(e, ~)2]v2, but all values of the polar angle tb = tan-J[Q(e, ~)/Q(e, 0)] are equally probable. 
As a consequence, the two-coordinate system has only one normal mode of vibration of finite 
frequency, associated with radial displacements; the unhindered azimuthal displacement may 
be viewed as a normal mode of zero frequency. This zero-frequency vibration is the analogue 
of the Goldstone massless boson in the theory of elementary particles[ 1,20,21]. However, the 
continuous symmetry in the present problem is an artifact of our approximation. When bilinear 
and cubic terms are retained in the expansion of the adiabatic potential energy in powers of 
symmetry-adapted displacements, the adiabatic potential energy surface is warped in such a 
fashion as to introduce three stable minima, 120 degrees apart in ~b, as illustrated in Fig. 3b, 
and all vibration frequencies become finite. 
The problem of the dynamic Jahn-Teller effect for an E × e system was also addressed 
by L-HOPS[19]. It is readily established from the character table for C3~, Table 3, that 
E x E = At + A2 + E. (The product of traces on the left-hand side should equal the sum of 
traces on the right-hand side for each conjugate class.) Thus the E-symmetry ground electronic 
state spawns vibronic states labeled by all three representations. L-HOPS established that the 
ground vibronic state has E symmetry as well. The linear Jahn-Teller coupling for the R center 
in KC1 was found to be relatively strong, but the warping terms are sufficiently weak that there 
is no stabilization with respect to the polar angle ~b and the dynamic description remains valid. 
In this system, the Ham effect reduces the effective spin-orbit interaction by an order of 
magnitude[ 18]. 
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Fig. 3. (a) Adiabatic potential energy surfaces for an E x e Jahn-Teller system in the linear-coupling ap- 
proximation; the "Mexican-hat" potential. (b) Adiabatic potential energy surfaces for the same system when 
bilinear and cubic warping terms are included. 
A variant of the Jahn-Teller effect is the pseudo-Jahn-Teller ffect, involving a near- 
accidental degeneracy of electronic states. This effect has been invoked to explain properties 
of the relaxed excited state of the F center[22], the positively-charged oxygen vacancy (El 
center) in SIO2123] and small polarons[24]. 
7. EP ILOGUE 
Point imperfections in solids exemplify, in microcosm, the utility of symmetry, principles 
in physics. They embody a hierarchy of interactions of successively diminishing symmetry, 
and they fully exploit he connection between group theory and quantum echanics. The crys- 
tallographic point groups and double groups which characterize them are conceptually simpler 
than the Lie groups which describe continuous ymmetries. They also provide examples of 
spontaneously broken symmetry in the static Jahn-Teller effect. 
The dynamic Jahn-Teller effect, on the other hand, appears to be peculiar to point defects 
and molecules, as opposed to extended systems, since it depends on tunneling rather than 
CAHMAJ.2~I/2(~)-N 
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thermally-activated transitions between rotationally equivalent distortions. Thus it may have no 
proper analogue in the theory of  elementary particles. 
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